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Abstract
Block designs are useful in comparative experimentation for improving efficiency of treatment comparisons when working with
heterogeneous experimental units. A nested balanced incomplete block design (NBIBD) is a design with two systems of blocks,
the second nested within the first, such that ignoring either system leaves a balanced incomplete block design whose blocks are
those of the other system. In this study, a new method of construction of nested balanced incomplete block designs for a number
of parameter combinations is developed. The resulting design schemes were of the type that harmonizes both the Series-I and
Series-II of Rajender et al. (2007) in which a single design scheme that can be used in the construction of both the Series-I and
Series-II at the same time was produced.
c⃝ 2015 Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
In basic experimental designs, we utilize all treatments within each block because experimental units or plots
located in each block are considered to be uniform. When all treatments are found within each block in a design,
the design is referred to as complete block design. However, sometimes experimenters are usually confronted with
the problem of non- availability of adequate experimental materials or the physical size of the block that makes
it difficult, inconvenient or impossible to accommodate all treatments in each block thus resulting to incomplete
blocks. For instance, there can be a block in which the available number of plots may not be enough to accommodate
all treatments. For example, in an agricultural field experiment, the size of a block, that is, a sub-division of the
experimental area; may be too small to be partitioned into the desired number of plots within the block. In a chemical
engineering experiment, a number of trials that can be conducted within a day may be limited due to available
resources or practical considerations or both. In fact, experimenters most often are confronted with large number
of treatments that can hardly be accommodated within a block and therefore incomplete block designs become the
viable options to exploit.
Peer review under responsibility of Nigerian Mathematical Society.
∗ Corresponding author.
E-mail addresses: ajsaka@oauife.edu.ng, sakajamiu@gmail.com (A.J. Saka), bladeleke@unilorin.edu.ng, lbadeleke@yahoo.com
(B.L. Adeleke).
http://dx.doi.org/10.1016/j.jnnms.2015.08.002
0189-8965/ c⃝ 2015 Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
370 A.J. Saka, B.L. Adeleke / Journal of the Nigerian Mathematical Society 34 (2015) 369–376
Incomplete block designs (IBD) have become highly developed and have continued to be relevant in the scientific
experimentations conducted in laboratories where high degree of experimental control is desirable or even necessary
to cope with the experimental variability that invariably arises throughout the conduct of the experiment. In general,
incomplete block designs involve the allocation of a number of treatments into blocks whose size is less than the
number of treatments.
Incomplete block designs can be classified according to the number of times distinct pairs of treatments occur
together. It could be possible for pairs of treatments to occur together the same number of times or different number
of times in the same block. The two types of classifications, the foregoing statement are referred to as, balanced
incomplete block designs (BIBD) and partially balanced incomplete block designs (PBIBD). These designs have been
found useful in experiments in diverse fields, for example, in visual cryptograph, diallel crosses and other research
areas, see [1–3]. Vineeta and Keerti [4] illustrated some constructions of balanced incomplete block design with nested
rows and columns that consists of parameters of some BIB-RC designs with their efficiencies and efficiency factors.
Shunmugathai and Srinivasan [5] in their paper, they discussed the robustness of nested balanced incomplete block
design when two blocks are lost.
Importantly, in some experimental situations, the experimental units differ due to several extraneous factors which
may influence the response under study. It might not always be possible to remove completely such heterogeneity by
the use of blocks with simple structure. There are experimental situations in which there are one or more blocking
factors nested within another blocking factor. When there is one such factor, nested in another factor, the resulting
arrangement is indeed regarded as nested block designs, which is the major concern of this study.
In Sections 1.1–1.3, we shall describe real-life experiments where nested blocks are found to be appropriate. Indeed,
there are several experiments that have the nested block as the most desirable option as this will undoubtedly facilitate
efficient treatment comparisons. The gain inherent in the use of nested blocks may quite outweigh the simplicity that
the use of blocks with simple structures is well known for.
1.1. Plant experiment
Firstly, this example relates to a biological experiment, quoted by Preece [6]. Suppose the half leaves of a plant
form the experimental unit, on which a number of treatments are to be tested. The treatment for instance could be
inoculations with sap from tobacco plants infected with certain virus. Suppose the number of treatments is more than
the number of available half-leaves per plant; clearly, one source of variation is due to the variability among the plants.
Further, leaves within a plant might exhibit variation among themselves due to their location on the upper, middle or
lower branch of the same plant. Thus, leaves within plants form a nested nuisance factor, the nesting being within the
plants. The half-leaves being experimental units, will then have two systems of blocks, leaves (which may be called
sub-blocks) being nested within plants (which may be called blocks).
1.2. Animal experiment
Secondly, in experiments with animals, generally litter mates (animals born in the same litter) are experimental
units within a block. However, animals within the same litter may be varying in their initial body weight. If body
weight is taken as another blocking factor, then we have a system of nested blocks within a block.
1.3. Field experiment
Thirdly, consider a field experiment conducted using a block design and harvesting is done block wise. To meet the
objectives of the experiment, the harvested samples are to be analysed for their content in the laboratory by different
technicians at same time or by a technician over different periods of time. Therefore, to control the variation due
to technicians or time periods, this is taken as another blocking factor, we have a system of nested (sub) blocks i.e.
technicians or time periods within a block.
Thus, for the experiments described in 1.1–1.3 above, we have one universe for which the results of the experiment
will be valid. Out of this universe b1 block of size k1 have been selected and within each block, there are m sub blocks,
such that sub block size k2 = k1m and the total number of the experimental units required is b1k1 = b1mk2. For more
examples and discussion of designs with nested blocks, see [7–9].
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In this study the Harmonized method strategically shows how Series-II is obtained from Series-I. This eventually
produces a single scheme for the construction of Series-I and II designs rather than the initial two different
schemes.
2. Methods of construction
This section describes how the nested balanced incomplete block designs of series-I and series-II are constructed
and harmonized to produce a single design scheme called Harmonized series. Rajender et al. [10] presented methods
of construction of NBIBD called Series-I and Series-II in which the Series-I only constructs for all different odd values
of treatments while Series-II equally constructs for all different even values of treatments. In this paper we present a
single scheme which harmonizes the two series of [10].
2.1. Model for nested balanced incomplete block designs
The model for nested balanced incomplete block design is given as Eq. (1) below
Yi jl = µ+ β(1)i + β(2)i j + τi jl + εi jl (1)
where
Yi jl — is the response from plot (unit) l in sub-block j of block i
µ — is an overall mean
β
(1)
i — is the effect of block i
β
(2)
i — is the effect of sub-block j in the block i
τi jl — is the effect of the treatment assigned to the unit (i, j, l)
εi jl — is a random error term, the error terms being assumed to be uncorrelated random variables with zero means
and constant variance.
2.2. Relationship between the design parameters
The following are the relationships that exist between the parameters of designs that are constructed in this paper.
vr = b1k1 = b1k2m = b2k2 (2)
(v − 1)λ1 = (k1 − 1)r, (v − 1)λ2 = (k2 − 1)r (3)
(λ1 − mλ2)(v − 1) = r(m − 1) (4)
where v denotes the number of treatments, b number of blocks in the experiment, k size of each block (number of
treatments per block), r number of replications for a given treatment in the experiment, λ number of times each pair of
treatment appear (occur) together in the experiment, N total number of plots (observations), b1 number of main-blocks
in the experiment, b2 number of sub-blocks in the experiment, k1 size of each main-block (number of treatment per
main-block), k2 size of each sub-block (number of treatment per sub-block), λ1 number of times each pair of treatment
appear (occur) together in the main-blocks, λ2 number of times each pair of treatment appear (occur) together in the
sub-blocks and m number of sub blocks within the main block.
2.3. Nested balanced incomplete block designs of Series-I & II
Suppose there exist a BIB design of size (v, b, r, k, λ) for which an initial block solution base on t-initial blocks is
available. Suppose it is possible to divide each initial block into m sub-blocks from the initial block for generating a
BIB design with v treatments and block size k2. Then clearly by developing these initial blocks, we get a NBIB design
with the following parameters:
v = v′, r = r ′, b1 = b′, k1 = k′, λ1 = λ′, b2 = mtv′, k2, λ2 = r ′ (k − m)m(v − 1) (5)
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Series-I: v = 2t + 1 = b1 = 2t + 1, b2 = t (2t + 1), k1 = 2t, k2 = 2, r = 2t, λ1 = 2t − 1, λ2 = 1.
Series-II: v = 2t, b1 = 2t − 1, b2 = t (2t − 1), k1 = 2t, k2 = 2, r = 2t − 1, λ1 = 2t − 1, λ2 = 1.
Thus: NBIBD for Series-I is obtained by developing the initial block using
[(1, v − 1), (2, v − 2), . . . , (t, v − t)] mod 2t + 1, (6)
where t is the number of sub-blocks. Similarly, NBIBD for Series-II is equally obtained by developing the initial block
using
[(1, v), (2, v − 1), . . . , (t, v − t + 1)] mod 2t − 1 (7)
by taking vth treatment as invariant see [10].
2.4. Nested balanced incomplete block designs of harmonized series
The harmonization here intends to produce a single generalized scheme which could be used in the construction of
both the Series-I and Series-II at the same time.
Bv = B(v−1) ∪ [(2, v), (4, v), . . . , (2n, v), (2(n + 1), v), (v, 1), (v, 3), . . . , (v, 2n − 1), (v, 2(n)+ 1)], (8)
where n = t − 1
Series-II = (Series-I)− [(2, v), (4, v), . . . , (2n, v), (2(n + 1), v), (v, 1), (v, 3), . . . ,
(v, 2n − 1), (v, 2(n)+ 1)], (9)
HS =

Series i, if i = (I );
Series (i − 1)−

{(2i, v)}(n+1)(i=1) , {(v, 2i − 1)}(n+1)(i=1)

, if i = (I I ). (10)
Hence, the scheme in (10) is used in the construction of the Harmonized Series.
3. Construction of designs
This section focuses on three different methods of construction of NBIB designs and resulting designs are referred
to as Series-I, Series-II and Harmonized Series respectively.
3.1. Construction of nested balanced incomplete block designs of Series-I
Using the expression (6), the following designs for nested balanced incomplete block designs of series-I types are
constructed:
Design 1: NBIBD by Series-I for v = 7, t = 3, note, that m = t (number of sub-blocks within a main-block)
[(1, 6), (2, 5), (3, 4)]
[(2, 7), (3, 6), (4, 5)]
[(3, 1), (4, 7), (5, 6)]
[(4, 2), (5, 1), (6, 7)]
[(5, 3), (6, 2), (7, 1)]
[(6, 4), (7, 3), (1, 2)]
[(7, 5), (1, 4), (2, 3)]
The parameters of the design are:
v = 7, r = 6, b1 = 7, k1 = 6, λ1 = 5,
b2 = 21, k2 = 2, λ2 = 1
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Design 2: NBIBD by Series-I for v = 9, t = 4
[(1, 8), (2, 7), (3, 6), (4, 5)]
[(2, 9), (3, 8), (4, 7), (5, 6)]
[(3, 1), (4, 9), (5, 8), (6, 7)]
[(4, 2), (5, 1), (6, 9), (7, 8)]
[(5, 3), (6, 2), (7, 1), (8, 9)]
[(6, 4), (7, 3), (8, 2), (9, 1)]
[(7, 5), (8, 4), (9, 3), (1, 2)]
[(8, 6), (9, 5), (1, 4), (2, 3)]
[(9, 7), (1, 6), (2, 5), (3, 4)]
The parameters of the design are:
v = 9, r = 8, b1 = 9, k1 = 8, λ1 = 7,
b2 = 36, k2 = 2, λ2 = 1
3.2. Construction of nested balanced incomplete block designs for Series-II
Using the expression (7), the following designs for nested balanced incomplete block designs of series-II types are
constructed:
Design 3: NBIBD by Series-II for v = 6, t = 3
[(1, 6), (2, 5), (3, 4)]
[(2, 6), (3, 1), (4, 5)]
[(3, 6), (4, 2), (5, 1)]
[(4, 6), (5, 3), (1, 2)]
[(5, 6), (1, 4), (2, 3)]
The parameters of the design are:
v = 6, r = 5, b1 = 5, k1 = 6, λ1 = 5,
b2 = 15, k2 = 2, λ2 = 1
Design 4: NBIBD by Series-II for v = 8, t = 4
[(1, 8), (2, 7), (3, 6), (4, 5)]
[(2, 8), (3, 1), (4, 7), (5, 6)]
[(3, 8), (4, 2), (5, 1), (6, 7)]
[(4, 8), (5, 3), (6, 2), (7, 1)]
[(5, 8), (6, 4), (7, 3), (1, 2)]
[(6, 8), (7, 5), (1, 4), (2, 3)]
[(7, 8), (1, 6), (2, 5), (3, 4)]
The parameters of the design are:
v = 8, r = 7, b1 = 7, k1 = 8, λ1 = 7,
b2 = 28, k2 = 2, λ2 = 1
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3.3. Construction of nested balanced incomplete block designs for harmonized series
Using the scheme (10), the following designs for nested balanced incomplete block designs of harmonized series
are constructed:
Design 5a: NBIBD by harmonized series for v = 7 and t = 3
[(1, 6), (2, 5), (3, 4)]
[(2, 7), (3, 6), (4, 5)]
[(3, 1), (4, 7), (5, 6)]
[(4, 2), (5, 1), (6, 7)]
[(5, 3), (6, 2), (7, 1)]
[(6, 4), (7, 3), (1, 2)]
[(7, 5), (1, 4), (2, 3)]
The parameters of the design are:
v = 7, r = 6, b1 = 7, k1 = 6, λ1 = 5,
b2 = 21, k2 = 2, λ2 = 1
Design 5b: NBIBD by harmonized series for v = 6 and t = 3
[(1, 6), (2, 5), (3, 4)]
[(6, 2), (3, 1), (4, 5)]
[(3, 6), (4, 2), (5, 1)]
[(6, 4), (5, 3), (1, 2)]
[(5, 6), (1, 4), (2, 3)]
The parameters of the design are:
v = 6, r = 5, b1 = 5, k1 = 6, λ1 = 5,
b2 = 15, k2 = 2, λ2 = 1
Design 6a: NBIBD by harmonized series for v = 9 and t = 4
[(1, 8), (2, 7), (3, 6), (4, 5)]
[(2, 9), (3, 8), (4, 7), (5, 6)]
[(3, 1), (4, 9), (5, 8), (6, 7)]
[(4, 2), (5, 1), (6, 9), (7, 8)]
[(5, 3), (6, 2), (7, 1), (8, 9)]
[(6, 4), (7, 3), (8, 2), (9, 1)]
[(7, 5), (8, 4), (9, 3), (1, 2)]
[(8, 6), (9, 5), (1, 4), (2, 3)]
[(9, 7), (1, 6), (2, 5), (3, 4)]
The parameters of the design are:
v = 9, r = 8, b1 = 9, k1 = 8, λ1 = 7,
b2 = 36, k2 = 2, λ2 = 1
Design 6b: NBIBD by harmonized series for v = 8 and t = 4
[(1, 8), (2, 7), (3, 6), (4, 5)]
[(8, 2), (3, 1), (4, 7), (5, 6)]
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[(3, 8), (4, 2), (5, 1), (6, 7)]
[(8, 4), (5, 3), (6, 2), (7, 1)]
[(5, 8), (6, 4), (7, 3), (1, 2)]
[(8, 6), (7, 5), (1, 4), (2, 3)]
[(7, 8), (1, 6), (2, 5), (3, 4)]
The parameters of the design are:
v = 8, r = 7, b1 = 7, k1 = 8, λ1 = 7,
b2 = 28, k2 = 2, λ2 = 1
Design 7a: NBIBD by harmonized series for v = 13 and t = 6
[(1, 12), (2, 11), (3, 10), (4, 9), (5, 8), (6, 7)]
[(2, 13), (3, 12), (4, 11), (5, 10), (6, 9), (7, 8)]
[(3, 1), (4, 13), (5, 12), (6, 11), (7, 10), (8, 9)]
[(4, 2), (5, 1), (6, 12), (7, 12), (8, 11), (9, 10)]
[(5, 3), (6, 2), (7, 13), (8, 13), (9, 12), (10, 11)]
[(6, 4), (7, 3), (8, 1), (9, 1), (10, 13), (11, 12)]
[(7, 5), (8, 4), (9, 2), (10, 2), (11, 1), (12, 13)]
[(8, 6), (9, 5), (10, 3), (11, 3), (12, 2), (13, 1)]
[(9, 7), (10, 6), (11, 4), (12, 4), (13, 3), (1, 2)]
[(10, 8), (11, 7), (12, 5), (13, 5), (1, 4), (2, 3)]
[(11, 9), (12, 8), (13, 6), (1, 6), (2, 5), (3, 4)]
[(12, 10), (13, 9), (1, 7), (2, 7), (3, 6), (4, 5)]
[(13, 11), (1, 10), (2, 8), (3, 8), (4, 7), (5, 6)]
The parameters of the design are:
v = 13, r = 12, b1 = 13, k1 = 12, λ1 = 11,
b2 = 78, k2 = 2, λ2 = 1
Design 7b: NBIBD by harmonized series for v = 12 and t = 6
[(1, 12), (2, 11), (3, 10), (4, 9), (5, 8), (6, 7)]
[(12, 2), (3, 1), (4, 11), (5, 10), (6, 9), (7, 8)]
[(3, 12), (4, 2), (5, 1), (6, 11), (7, 10), (8, 9)]
[(12, 4), (5, 3), (6, 2), (7, 1), (8, 11), (9, 10)]
[(5, 12), (6, 4), (7, 3), (8, 2), (9, 1), (10, 11)]
[(12, 6), (7, 5), (8, 4), (9, 3), (10, 2), (11, 1)]
[(7, 12), (8, 6), (9, 5), (10, 4), (11, 3), (1, 2)]
[(12, 8), (9, 7), (10, 6), (11, 5), (1, 4), (2, 3)]
[(9, 12), (10, 8), (11, 7), (1, 6), (2, 5), (3, 4)]
[(12, 10), (11, 9), (1, 8), (2, 7), (3, 6), (4, 5)]
[(11, 12), (1, 10), (2, 9), (3, 8), (4, 7), (5, 6)]
The parameters of the design are:
v = 12, r = 11, b1 = 11, k1 = 12, λ1 = 11,
b2 = 66, k2 = 2, λ2 = 1,
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4. Conclusion
Nested balanced incomplete block designs (NBIBD) of Series-I and Series-II were constructed using the
construction schemes developed by Rajender et al. [10] and it was observed that the NBIBDs for series-I exist for
all odd values of v, while NBIBDs for series-II equally exist for all even values of v. Also if the sequence of the
treatment (v) for Series-II is one lesser than Series-I, it was observed that both Series gave the same initial blocks and
consequently k1 for Series-I is equal to k1 for Series-II, k2 for Series-I is equal to k2 for Series-II, λ1 for Series-I is
equal to λ1 for Series-II and λ2 for Series-I is equal to λ2 for Series-II. A design scheme that harmonized both the
Series-I and Series-II was developed such that it can be used in the construction of both the Series-I and Series-II at
the same time, using the scheme in Eq. (10).
More importantly, the scheme has been generalized in such a way that it can accommodate any large number of
treatments. Finally, many of the designs that were constructed in this paper are such that their main blocks are of
randomised complete block type, in that they belong to the class of resolvable designs. Resolvable designs have the
flexibility of making it possible to carry out experiments in phases, that is, one replicate at a time. For instance, designs
1, 2, 5a, 6a and 7a are non-resolvable while designs 3, 4, 5b, 6b and 7b are resolvable.
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